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An analysis of the effects of nonuniform fiber packing on external mass-transfer coef-
ficients for axial flows through bundles of parallel, axially oriented fibers is presented in
the entry mass-transfer limit. In this limit, one can obtain an analytic solution to the
mass-transfer boundary-layer equations in terms of the ®elocity gradient on the fiber
surface for either a constant wall flux or constant wall concentration. To explicitly cal-
culate mass-transfer coefficients, a numerical approximation for the ®elocity gradient is
obtained from the conser®ation of momentum equations using the boundary-element
method. Results indicate that the effecti®e mass-transfer coefficient depends strongly on
fiber packing. Regions of higher fiber packing ha®e lower flows and lower mass-transfer
coefficients than regions of lower packing. The net effect is a dramatic decrease in
o®erall mass-transfer coefficient relati®e to mass-transfer coefficients in regularly packed
fiber bundles.

Introduction

Mass transfer in fiber bundles is a problem of great practi-
cal importance for membrane separation processes. Such
processes commonly utilize a bundle of randomly packed hol-
low fibers enclosed in a case to contact two process streams.
Ports on the case permit one to introduce and remove streams
from the space inside the fibers, the lumen, and the space
outside the fibers, the shell. Figure 1 illustrates the construc-

Žtion of a typical hollow-fiber membrane module Lipscomb,
.1996 .

Hollow-fiber membrane modules are the mass-transfer
equivalent of shell and tube heat exchangers. As fluids flow
through the lumen and shell, mass is transferred from one
stream to the other across the fiber wall. In contrast to heat
exchangers, though, mass transfer may involve a combination
of diffusion and convection, depending on the nature of the
membrane. These modules are used for a wide range of
membrane processes, including gas separation, reverse osmo-

Ž .sis, filtration, and dialysis Ho and Sirkar, 1992 .
In many cases mass-transfer rates are limited by concentra-

Ž .tion boundary layers concentration polarization that de-
velop in the lumen and shell. The boundary layers are in turn
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Figure 1. Construction of a typical hollow-fiber mem-
brane module.
The shell distributionrcollection collar is typically a channel
that extends around the circumference of the module to help
ensure axisymmetric fluid distribution around the fiber bun-
dle.
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dependent on the flow through the fiber bundle. The effect
Žof the lumen boundary layer is well understood Cussler,

.1997 , but the complicated geometry of randomly packed fiber
bundles has frustrated attempts to predict velocity and con-
centration fields in the shell.

Previous efforts to predict shell velocity and temperaturer
concentration fields have relied primarily on a number of
simplifying assumptions. In an early analysis, Emersleben
Ž .1925 studied flow in the low-fiber packing limit where one

Ž .fiber is immersed in an infinite body of fluid. Happel 1959
introduced the equivalent annulus or free surface approxima-
tion, which assumes a cylindrical envelope of fluid surrounds
each fiber; the external boundary of this envelope is a line of

Ž .symmetry. Sparrow and Loeffler 1959 obtained an analyti-
cal solution for the well-developed velocity field through infi-
nite arrays of triangular- and square-pitch tube bundles. Noda

Ž .and Gryte 1979 used this solution to derive an analytic solu-
tion for the concentration fields in the well-developed mass-

Žtransfer limit. Subsequently, Miyatake and Iwashita 1990,
.1991 obtained numerical approximations for the tempera-

turerconcentration fields and associated heatrmass-transfer
coefficients using the Sparrow and Loeffler velocity fields.
Their results span a range of flow rates that encompass both
the entry and well-developed mass-transfer limits. Chen and

Ž .Hlavacek 1994 generalized the equivalent annulus or free
surface approximation for use in randomly packed fiber bun-
dles through the use of Voronoi tesselation. Voronoi tessela-
tion surrounds each fiber with a polygonal surface rather than
the cylindrical surface of the equivalent annulus approxima-
tion. The hydraulic diameter of the enclosed region is used in
a correlation for the friction factor to determine flow rates.

Ž .Rogers and Long 1997 used the same approach to calculate
both friction factors and mass-transfer coefficients in ran-
domly packed fiber bundles. Their results indicate that the
Voronoi tesselation approach gives a better estimate of mod-
ule performance than assuming uniform shell flow.

We present here a rigorous analysis of transport in ran-
domly packed fiber bundles that avoids the Voronoi tessela-
tion approximation. The analysis is developed in the entry
mass-transfer limit. The results compare well with the numer-

Ž .ical results of Miyatake and Iwashita 1990, 1991 . To gener-
ate randomly packed fiber bundles, we use a periodic medium
in which fibers are added to the repeat cell in a random se-
quential fashion until the target fiber packing is reached. Cal-
culations for the randomly packed fiber bundle indicate that
mass-transfer rates can be significantly lower than in regu-
larly packed fiber bundles due to flow maldistribution.

Theory
Figure 2 illustrates the generation of the infinite, spatially

periodic medium used to represent the fiber bundle. Fiber
packing is specified in a unit cell that is translated in each
spatial direction to produce the infinite medium. The unit
cell contains multiple fibers that lie parallel to each other
and to the z-axis. Because of this alignment, a single x-y cross
section of the cell characterizes the entire cell volume. The

Ž .geometry and value of any field variable at a point x, y in
Ž .the unit cell is the same as at the point x" il , y" jl , wherex y

i, js1, 2, 3, . . . , and l and l are the unit cell dimensions inx y
the x and y directions, respectively.

Figure 2. Use of a unit cell to represent an infinite, ran-
domly packed fiber bundle.
The cell is outlined in the center, and fibers with centers in
the unit cell have been darkened. The arrows indicate the
repetition and translation of the unit cell required to pro-
duce an infinite fiber bundle.

Fiber centers are placed on a regular grid to generate reg-
ular fiber packings while the locations are selected in a ran-
dom, sequential fashion to produce random packings. We will
use unit cells containing either 9, 16, or 100 fibers and select

Žcell dimensions that yield the desired fiber packing area oc-
.cupied by the fiberrtotal cell area .

One would expect the random media produced by this
method to be representative of an infinite random medium
only for sufficiently large numbers of fibers in the unit cell
or, equivalently, for sufficiently small values of the fiber-di-
ameter to unit-cell dimension ratio. Finite computational re-
sources limit the extent to which this can be achieved, but the
algorithms described in the next section could be used for
any unit cell size if sufficient computational resources exist.

ŽTo simplify the governing conservation equations Bird et
.al., 1960 , we will make the following assumptions:

1. Flow through the fiber bundle is axial, laminar, and
steady.

2. Mass-transfer rates are sufficiently small that flow rates
do not change. This would be the case for transport of a di-
lute solute from the shell fluid to the lumen.

3. Diffusion is Fickian.

4. The concentration or normal concentration gradient
along the surface of each fiber is constant.

5. Mass transfer by axial diffusion is negligible relative to
axial convection.

6. Fluid material properties are constant.

7. The flow is isothermal.

November 1999 Vol. 45, No. 11AIChE Journal 2347



Based on these assumptions the dimensionless, axial con-
servation of momentum equation reduces to

­ 2 ® ­ 2 ®
q s1, 1Ž .2 2­ x ­ y

where ® is the dimensionless axial velocity, and x and y are
the dimensionless coordinates, respectively. These dimen-
sionless variables are defined in terms of their dimensional
values by

V X Y
®s , xs , ys , 2Ž .2 R RR ­ P

m ­Z

where R is the fiber radius, P is the pressure, and m is the
fluid viscosity. The dimensionless conservation of mass equa-
tion reduces to

­ c ­ 2c ­ 2c
® s q , 3Ž .2 2­ z ­ x ­ y

where the dimensionless axial coordinate z is defined as

ZD
zs , 4Ž .4R ­ P

m ­Z

where D is the diffusion coefficient. We will consider two
boundary conditions for the concentration along the fiber
surface: constant concentration and constant diffusional flux.
The definition of the dimensionless concentration, c, de-
pends on the boundary condition applied. For the constant
wall concentration case

CyCw
cs , 5Ž .

C yCb w

while for the constant wall flux case

CyCb
cs , 6Ž .

Cb

where C is the initial bulk fluid concentration and C is theb w
wall concentration. Boundary conditions for these equations
are

cs1 or 0, zs0 for all x , y 7Ž .

®s0, cs0 or ­ cr­ ns K , along membrane surface

8Ž .

< < < <® s ® , c sc 9Ž .1 2 1 2

­ ® ­ ® ­ c ­ c
sy , sy

­ n ­ n ­ n ­ n1 2 1 2

where n represents the outward, normal direction to the sur-
face. The first of the two values given in Eqs. 7 and 8 for the
concentration boundary condition is for the constant wall
concentration case, while the second is for the constant wall
flux case. Equation 9 reflects the periodicity of the unit cell:
1 and 2 refer to either the left and right boundaries of the
unit cell or the top and bottom boundaries of the unit cell.

To determine mass-transfer rates, one must first solve Eq.
1 for the axial velocity ® as a function of position within the
cross section of the unit cell. The assumptions of a well-de-
veloped velocity field and low mass-transfer rates imply that
® is independent of z. Given ® one must solve Eq. 3 for the
concentration field within the cross section of the unit cell as
a function of z. This problem is inherently three-dimen-
sional. Hence, a numerical approximation based on finite dif-
ferences or finite elements would require discretization of the
three-dimensional solution domain. Miyatake and Iwashita
Ž .1990, 1991 followed such an approach in their work.

One can avoid the computational complexities associated
with a three-dimensional solution in the limit of entry mass
transfer. For the entry region, mass transfer produces con-
centration changes that are confined to a small region adja-
cent to the fiber surface. In this boundary-layer region, one
can assume the velocity varies linearly with distance from the
fiber surface where the slope is equal to the velocity gradient,
­ Vr­ r. Moreover, one can solve the conservation of mass
equation for each fiber independently, since the concentra-
tion is uniform and equal to its initial, bulk value in between
fibers. The solution given below indicates that although one
can solve the conservation of mass equation for each fiber
independently, mass transfer to a given fiber is affected by
the presence of other fibers through the value of the
surface-velocity gradient.

For a given fiber, the conservation of mass equation in a
cylindrical coordinate system located at the fiber center is

­ c ­ 2c 1 ­ c 1 ­ 2c
gj s q q , 10Ž .˙ 2 2 2­ z j q1 ­j­j ­uŽ . j q1Ž .

where j is the dimensionless distance from the fiber surface,
Ž .j s rrR y1, and the axial velocity has been replaced by its

linear approximation near the fiber surface. Note that g s˙
­ ®r­j is a function of u .

One can further simplify Eq. 10 through an order-of-mag-
nitude analysis of each term. Assuming that most concentra-
tion changes occur within a thin boundary and scaling j with
this boundary layer thickness, one can argue the last two terms
on the righthand side of Eq. 10 are negligible relative to the
first term on the righthand side. Neglecting these terms gives

­ c ­ 2c
gj s , 11Ž .˙ 2­ z ­j

and the boundary conditions become

cs0 or ­ cr­ ns K , j s0 12Ž .
c™1 or c™0, j ™`. 13Ž .

Equations 11]13 are identical to the boundary-layer equa-
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tions for a flat plate, and their solution is readily found using
Ž .a similarity transformation Leal, 1992 . Since the solution

depends on g , the concentration field and diffusion flux will˙
also be functions of u . One can calculate an effective, local
mass-transfer coefficient, k, for the entire unit cell from an
overall mass balance. Equating the product of mass-transfer
coefficient, mass-transfer area, and average concentration
difference to the diffusional flux gives

N
2p

C yC R duŽ .HÝ b w i
0is1k 2p RNŽ .

2p RN

N
2p

s D ­ Cr­ r R du , 14Ž . Ž .HÝ w , i
0is1

where N is the number of fibers in the unit cell. Equation 14
can be rewritten in terms of the local Sherwood number as

N
2p

­ cr­j duŽ .HÝ w , i2 Rk 0is1Sh s s2 . 15Ž .loc ND 2p
c yc duŽ .HÝ b w i

0is1

Substituting the solution for the concentration field for the
constant wall concentration case into Eq. 15 gives

1r32 Rk 2 gŽ .˙ w 1r3 1r3Sh s s Gz s a Gz , 16Ž .loc , c c1r3D G 4r3Ž . 9qŽ .

where the overbar indicates an average over the fiber surface
area available for mass transfer defined as

N
2p 1r3

g duŽ .˙HÝ w , i
0is11r3

g s ; 17Ž . Ž .˙ w 2p N

N is the number of fibers in the unit cell; q is the dimension-
less flow rate per fiber defined as

Q
qs , 18Ž .4R ­ p

m ­Z

Q is the flow rate per fiber; Gz is the Graetz number defined
as

Q
Gzs ; 19Ž .

DZ

and Z is the distance from the origin along the z-axis. The
dimensionless velocity is the solution to Eq. 1, subject to
boundary conditions given by Eqs. 8]9, which are indepen-
dent of pressure gradient and fluid viscosity. Thus, the di-
mensionless flow rate per fiber and a , which are calculatedc

from it, depend only on the geometry of the unit cell. Equa-
tion 16 is identical to that presented by Miyatake and Iwashita
Ž .1990 in their calculations for square and triangular arrays
with a constant surface temperaturerconcentration boundary
condition.

Substituting the solution for the concentration field for the
constant wall flux case into Eq. 15 gives

2 Rk 2G 2r3 1Ž .
1r3 1r3Sh s s Gz s a Gz . 20Ž .loc, f f1r3 y1r3D 9qŽ . gŽ .˙ w

Equation 20 is identical to that used by Miyatake and Iwashita
Ž .1991 for a constant wall flux boundary condition.

Equations 16 and 20 are also applicable for flow within a
pipe, if one substitutes appropriate values for the velocity
gradient normal to the pipe wall and the dimensionless flow

Ž .1r3 Ž .rate. Doing so gives a s2 2r9 rG 4r3 s1.357 and a sc f
Ž .1r3 Ž .2 2r9 G 4r3 s1.640, which are identical to the values re-

Ž .ported in the literature Deen, 1998 . To obtain effective
mass-transfer coefficients over a length L of fiber, one must
integrate the local mass-transfer coefficients with respect to
Z and divide by L. This introduces an additional factor of
3r2 that multiplies the righthand side of Eqs. 16 and 20.

The mass-transfer coefficients given by Eqs. 16 and 20 were
obtained by solving the conservation-of-mass equation for
each fiber independently in the entry mass-transfer limit.
However, as noted earlier, mass transfer to individual fibers
and overall mass transfer are affected by interfiber interac-
tions through the value of the surface-velocity gradient re-
quired to evaluate these expressions. This effect is responsi-
ble for the variation in mass-transfer coefficients with fiber
packing reported by Miyatake and Iwashita for regular fiber
packings and the variations reported here for random fiber
packings.

To evaluate the surface-velocity gradient, we use the
Ž .boundary-element method Brebbia et al., 1984 . The bound-

ary-element method uses the fundamental solution of a dif-
ferential equation to transform it into an integral equation
over the boundary of the solution domain. This reduces the
dimensionality of the problem by one. In our work, the prob-

Ž .lem of determining the velocity in two-dimensions x and y
is reduced to the problem of determining the velocity or nor-

Žmal velocity gradient in one-dimension along the boundary
.of the solution domain .

The integral equation is solved by discretizing the bound-
ary into a finite number of segments and determining velocity
and velocity gradients for each segment. We use constant
value elements here. An algebraic equation for the unknown
value of velocity or velocity gradient on each segment is ob-
tained by evaluating the integral equation using numerical
quadrature; the singular integral over the segment itself is
evaluated analytically. To evaluate discretization error, simu-
lations were run with 450 to 750 elements. The results indi-
cate that error in the calculated mass-transfer coefficients is
less than 5%.

Once the boundary values for velocity and velocity gradient
are known, one can calculate the velocity field within the so-
lution domain. The dimensionless flow rate, q, is calculated
by discretizing the solution domain and calculating the veloc-
ity at each nodal point. The flow rate is calculated by numeri-
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Figure 3. Typical boundary discretization used to solve
for the velocity field within a square fiber ar-
ray.
The fiber packing fraction is 0.5. The circles indicate the
midpoint of each element.

cally integrating over the grid. This process can be simplified
by using a uniform grid, setting the velocity for grid points
inside a fiber to zero, and integrating over the entire unit cell
including the fibers themselves. For a sufficiently fine grid,
this will yield the same result as discretizing and integrating
over the solution domain only. Finally, values for a and ac f
are calculated from Eqs. 16 and 20, respectively.

The boundary element method offers two principal advan-
tages over alternative-solution algorithms. First, one of the
primary solution variables is the normal velocity gradient that
is required to calculate mass-transfer coefficients. In finite
difference or finite-element algorithms the velocity is the pri-
mary solution variable, and one must differentiate the result
to obtain the velocity gradient, which can introduce numeri-
cal error. Second, discretization of the solution domain is
simpler, since only the boundary must be discretized to solve
for the velocity field; the entire domain must be discretized
to calculate q, but this process can be simplified as described
earlier.

Results
To evaluate the numerical algorithm, values for a and ac f

were calculated for regular square and triangular arrays. Fig-
ure 3 illustrates a typical boundary discretization for a square

Žarray with 50% fiber packing total fiber cross-sectional
.arearunit cell cross-sectional area . Figure 4 illustrates the

computed velocity field. Note the uniform flow in between
fibers.

Table 1 gives the values computed for a as a function ofc
fiber packing for square and triangular arrays. Table 1 also
contains values for a taken from Miyatake and Iwashitac

Figure 4. Contours of constant velocity within a square
fiber array; the increment between contour
lines is 0.012.

Ž .1990 and calculated from Eq. 16 using the analytic solution
Ž .for the velocity field Sparrow and Loeffler, 1959 . The

agreement between the boundary-element results, the ana-
lytic solution, and the results of Miyatake and Iwashita is ex-
cellent.

Figure 5 illustrates the predicted variation of Sh with Gz
for square arrays with a constant wall concentration. The re-
sults of Miyatake and Iwashita are also shown. The entry
mass-transfer results appear to provide good predictions of
Sh for Gz)1000. For smaller Gz, deviations become signifi-
cant as the well-developed mass-transfer limit is approached.
The same conclusions apply for triangular arrays as indicated
by Figure 6.

Table 2 gives the values computed for a as a function off
fiber packing for square and triangular arrays. As observed
for a , the results are in excellent agreement with the ana-c

Ž .lytic solution and the results of Miyatake and Iwashita 1991 .

Table 1. Variation of a with Fiber Packing Fractionc
for Square and Triangular Arrays

Square Array Triangular Array

Miyatake] Miyatake]
This Iwashita This Iwashita

Ž . Ž .f Work Analytic 1990 f Work Analytic 1990

0.755 1.84 1.85 1.84 0.872 3.50 3.49 3.51
0.712 1.80 1.80 1.81 0.823 3.15 3.15 3.15
0.649 1.67 1.67 1.68 0.750 2.61 2.61 2.56
0.545 1.41 1.41 1.41 0.630 1.93 1.93 1.88
0.349 0.946 0.946 0.939 0.403 1.12 1.12 1.11
0.196 0.621 0.621 0.617 0.227 0.696 0.695 0.708
0.0491 0.283 0.283 0.279 0.0567 0.306 0.306 0.315
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Figure 5. Comparison of the predicted relationship
between Sh and Gz with the results ofloc,c

( )Miyatake and Iwashita 1990 for square fiber
arrays.
The solid lines indicate the present work, which is valid only
for large Gz. The curves correspond to the following fiber-
packing fractions: 0.049} dot; 0.20} short dash; 0.35} long
dash; 0.55} dash]dot; 0.65} double dash]double dot.

Such good agreement demonstrates that discretization error
can be reduced to less than 1% in the calculation of mass-
transfer coefficients.

Figure 7 illustrates the boundary discretization for one unit
cell used to represent a randomly packed fiber bundle with
50% fiber packing. Figure 8 illustrates a typical computed

Figure 6. Comparison of the predicted relationship
between Sh and Gz with the results ofloc,c

( )Miyatake and Iwashita 1990 for triangular
fiber arrays.
The solid lines indicate the present work, which is valid only
for large Gz. The curves correspond to the following fiber-
packing fractions: 0.057} dot; 0.23} short dash; 0.40} long
dash; 0.63} dash]dot; 0.75} double dash]double dot.

Table 2. Variation of a with Fiber Packing Fractionf
for Square and Triangular Fiber Arrays

Square Array Triangular Array

Miyatake] Miyatake]
This Iwashita This Iwashita

Ž . Ž .f Work Analytic 1991 f Work Analytic 1991

0.755 1.99 2.01 2.06 0.872 4.02 4.01 4.06
0.712 2.07 2.07 2.06 0.823 3.74 3.73 3.64
0.649 1.97 1.97 1.92 0.750 3.14 3.13 3.02
0.545 1.70 1.70 1.63 0.630 2.33 2.33 2.28
0.349 1.14 1.14 1.14 0.403 1.35 1.35 1.39
0.196 0.750 0.750 0.771 0.227 0.841 0.841 0.874
0.0491 0.342 0.342 0.348 0.0567 0.369 0.370 0.369

velocity field. Figures 7 and 8 show two different unit cells
and provide an indication of the variation in fiber packing
that occurs.

In contrast to Figure 4, Figure 8 indicates that flow through
the randomly packed fiber bundle can be highly nonuniform.
Fluid velocities in regions where fiber spacing is less than
average are much lower than velocities through regions where
fiber spacing is greater than average. One can rationalize such
a strong dependence by noting that the flow rate through a
closed channel is proportional to the fourth power of the hy-

Ždraulic diameter according to the Hagen-Poiseuille law Bird
.et al., 1960 .

Regions where fibers come in close contact are essentially
stagnant, so the fiber surface area surrounding such regions
is not utilized for mass transfer. However, in regions where
fibers are further apart, higher flows will lead to higher sur-

Figure 7. Typical boundary discretization used to solve
for the velocity field within a randomly packed
fiber bundle.
The fiber-packing fraction is 0.5. The circles indicate the
midpoint of linear element.
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Figure 8. Contours of constant velocity within a ran-
domly packed fiber bundle; the increment be-
tween contour lines is 0.012.

face-velocity gradients. Thus, mass-transfer coefficients will
be higher in these regions. The increase in mass-transfer co-
efficient is partially offset by a reduction in the surface-area-
to-flow-rate ratio. The overall mass-transfer coefficient will
reflect the relative contribution of these opposing effects.

Figures 9 and 10 illustrate the dependence of a and a ,c f
respectively, on fiber packing. Mass-transfer coefficients for
random packings are smaller than those for regular packings.
On a percentage basis, the reduction appears to be a maxi-
mum for fiber packings around 50% where the effective value

Figure 9. Variation of a with fiber-packing fraction.c
B} square array; ' } triangular array; l} random pack-
ing; the range of values is also indicated for the random
packing results.

Figure 10. Variation of a with fiber-packing fraction.f
B} square array; ' } triangular array; l } random
packing; the range of values is also indicated for the ran-
dom packing results.

of Sh is ;75% of the value for an equivalent square array
and ;70% of the value for an equivalent triangular array.

The reduction in Sh is smaller for lower and higher fiber
packings. In the low packing limit, one would expect all three
results to approach the same asymptotic value, since each
fiber would appear to exist by itself in an infinite, unbounded
fluid. In the high packing limit, variations in interfiber spac-
ing become smaller, so one might expect less deviation from
regular packings.

Figures 9 and 10 also indicate the range of values for ac
and a calculated for different randomly packed unit cells.f
To evaluate the effects of random packing, a number of cells
must be generated and the associated mass-transfer coeffi-
cients evaluated. Averaging the values for each cell gives an
average mass-transfer coefficient for the bundle. For the re-
sults presented here, at least 5 cells were used for the a f
calculations, and at least 10 cells for the a calculations. Tablec
3 gives the minimum, maximum, and average values calcu-
lated for a and a . The difference between the maximumc f
and minimum values can be as large as 30% of the average.
This indicates that local variations in fiber packing can have
a dramatic impact on mass transfer.

The results presented in Figures 9 and 10 were obtained
using nine fibers per unit cell. To evaluate the effect of fiber
number, we performed calculations using 16 and 100 fibers
per cell. Cells containing 16 fibers were used for packing
fractions of 26 and 50%, while cells containing 100 fibers were
used for typical commercial packing fractions of 50%. The

Žresults are given in Table 3. A Student’s t-test McBean and
.Rovers, 1998 of the values calculated for a and a at 26%c f

packing shows no significant difference between the results
obtained using 9 and 16 fibers at the 95% confidence level.

ŽAn analysis of the variance ANOVA; McBean and Rovers,
.1998 of the values calculated for a and a at 50% packingc f

also shows no significant difference between the results ob-
tained using 9, 16, and 100 fibers at the 95% confidence level.
Therefore, we believe the results obtained using nine fibers
are representative of mass transfer in random fiber bundles.
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Table 3. Variation of a and a Among the Unit Cells Used to Simulate Random Fiber Packingc f

Unit Cell
a ac fFiber

f No. Min. Max. Avg. Min. Max. Avg.

0.26 9 0.514 0.613 0.573 0.581 0.848 0.694
0.26 16 0.433 0.636 0.544 0.564 0.731 0.640
0.30 9 0.580 0.709 0.643 0.604 0.808 0.742
0.38 9 0.688 0.856 0.780 0.793 1.00 0.899
0.40 9 0.799 0.889 0.860 } } }
0.50 9 0.971 1.19 1.08 1.08 1.43 1.25
0.50 16 1.01 1.21 1.08 1.09 1.31 1.20
0.50 100 1.12 1.15 1.14 1.23 1.28 1.27
0.55 9 1.09 1.33 1.22 1.28 1.40 1.34
0.575 9 1.17 1.46 1.32 1.11 1.53 1.35

The effect of randomness in fiber packing on effective ex-
ternal mass-transfer coefficients is similar to the effect re-
ported for variation in fiber size on internal mass-transfer

Ž .coefficients Elmore and Lipscomb, 1995 . A variation in fiber
size has a detrimental impact on performance; variation in
other membrane properties such as permeability may result

Žin a slight enhancement of mass transfer Crowder and Cus-
.sler, 1997 . Larger-diameter fibers behave like regions with

larger than average interfiber spacing; flows are higher and
mass-transfer coefficients are higher, but the surface area
available for mass transfer per unit volume is lower. Smaller
fibers behave like regions with smaller than average inter-
fiber spacing: flows are lower and mass-transfer coefficients
are lower. The cumulative effect of these changes is a reduc-
tion in mass-transfer coefficient.

The literature contains numerous correlations for shell-side
Ž .mass-transfer coefficients Ho and Sirkar, 1992 . Three rep-

Ž .resentative relationships are Yang and Cussler 1986 :

0.86 0.931yf 2 R
0.93 0.33Sh s1.25 Re Sc , 21Ž .lm ž /ž /f L

Ž .Prasad and Sirkar 1988 :

0.661yf 2 R
0.66 0.33Sh s5.85 1yf Re Sc , 22Ž . Ž .lm ž /ž /f L

Ž .Costello et al. 1993 :

y0.471yf
0.53 0.33Sh s0.53 1y1.1f Re Sc , 23Ž . Ž .lm ž /f

where Sh is the Sherwood number, as defined in Eq. 16,lm
calculated using the effective mass-transfer coefficient for a

Žmodule length L the subscript lm indicates the logarithmic
.mean value ; f is the fiber packing fraction; Sc is the Schmidt

Ž .number nrD ; Re is the Reynolds number defined as

2 RVb
Res ; 24Ž .

n

and n is the kinematic viscosity. The range of values for f,
Re, and Sc for which the correlations given by Eqs. 21]23

were developed are given in Table 4. In terms of Re and Sc,
Eqs. 16 and 20 become

1r3 1r31yf 2 R
1r3 1r3Sh s1.38 y0.07q2.35f Re ScŽ .lm , c ž /ž /f L

25Ž .

1r3 1r31yf 2 R
1r3 1r3Sh s1.38 0.04q2.29f Re Sc ,Ž .lm , f ž /ž /f L

26Ž .

where the righthand sides of Eqs. 16 and 20 have been multi-
plied by 3r2 to give the effective mass-transfer coefficient over
a module length L, and linear regression was used to obtain
expressions for a as a function of f for 0.26-f -0.575.

In comparison to our results, several significant differences
exist. First, Sh does not vary with Re raised to the 1r3 power
in any of the correlations. Second, Eqs. 21 and 23 predict
significantly higher mass-transfer coefficients than predicted
for random and regular fiber packings. This is illustrated in
Figure 11, where values of Sh as a function of Re for Scs
1,000 and 26% fiber packing are shown. Third, Eqs. 22 and
23 predict a different dependence of mass-transfer coeffi-
cient on fiber packing. For example, as illustrated in Figure
12 for Res450 and Scs1,000, the literature correlations
predict a decrease in mass-transfer coefficient with increasing
fiber packing, while the results for random and regular fiber
packings predict a monotonic increase.

Why do such significant differences exist between our re-
sults and the literature and within the literature itself? We
believe several factors are responsible for these differences.
Much of the prior work was conducted with modules contain-

Table 4. Range of Conditions Used to Obtain
Literature Shell-Side Mass-Transfer Coefficient

Correlations
U Ž .Correlation 100 f Re 1yf rf Sc

Ž .Yang and Cussler 1986 3]26 0.5]500 ;500
Ž .Prasad and Sirkar 1988 4]40 0]500 300]1,000

Ž .Costello et al. 1993 30]75 20]350 ;500

Ž .Note that the factor 1y f rf is equal to the ratio of the hydraulic diam-
eter to the fiber diameter.
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Figure 11. Dependence of Sh on Re for Scs1,000,lm
2RrrrrrLs0.0039, and f s0.26 as predicted by
various correlations.
l } random packing, constant wall concentration;

Ž .B } square array; v } Y ang and C ussler 1986 ;
Ž . Ž .' } Costello et al. 1993 ; % } Prasad and Sirkar 1988 .

ing relatively small numbers of fibers. Moreover, many of the
modules were constructed by hand following some unspeci-
fied manufacturing protocol. While one would expect accu-
rate reporting of fiber packing for such units, it is more diffi-
cult to assess how well the shell fluid introduction and re-
moval ports were designed. If the ports are not designed well,
the region where the fluid is distributed across the fiber bun-

Ž .dle and collected at the opposite end can extend over a

Figure 12. Dependence of Sh on f for Res450, Sclm
s1,000, and 2RrrrrrLs0.0039 as predicted by
various correlations.
l } random packing, constant wall concentration;

Ž .B } square array; ' } Costello et al. 1993 ; % } Prasad
Ž . Ž .and Sirkar 1988 ; results for Yang and Cussler 1986 are

not shown since f ) 0.26.

Figure 13. Fluid distribution regions near shell inlet and
outlet ports where fluid flow is primarily
transverse to the fiber bundle.

Ž .significant portion of the module see Figure 13 . Moreover,
if fibers are not parallel within the bundle, axial flow chan-
nels can end or split to promote additional flow across fibers

Ž .rather than along them Costello et al., 1993 . One would
expect these cross-flow regions to have higher mass-transfer

Ž .coefficients Wickramasinghe et al., 1992 and, potentially,
increase the effective value for the module. Additionally,
some designs might produce unexpected secondary flows that

Ženhance mass transfer as speculated previously Yang and
.Cussler, 1986 .

As fiber packing increases, the ease with which fluid is
distributed across the fiber bundle decreases, since viscous
resistance to flow across the bundle increases faster than the
viscous resistance to flow along the bundle. Prior work has
shown that this results in a decrease in mass-transfer coeffi-
cient as more of the fluid tends to flow through the periphery

Ž .of the fiber bundle Lemanski and Lipscomb, 1995 . One can
rationalize such a dependence by noting that at the maximum
fiber packing, where fibers are touching, all of the fluid must
flow axially along the interface between the fiber bundle and
the external case. This effect can be exaggerated if fiber
packing at the bundle]case interface is poor and ‘‘large’’ flow
channels are formed that run axially along the interface or
such channels exist within the fiber bundle. Poor module per-

Žformance has been attributed to such bypassing effects Noda
.et al., 1979; Wickramasinghe et al., 1992; Seibert et al., 1993

Ž .and been observed experimentally Varma, 1998 . Conse-
quently, module designs that lead to large cross-flow regions
or secondary flows could produce higher than expected
mass-transfer coefficients and performance could decrease
with increasing fiber packing as these flows are suppressed.
This is consistent with the literature results shown in Figures
11 and 12.

Note that designs that increase mass-transfer coefficients
can lead to improved module performance. However, per-
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formance is also dependent on how efficiently the driving
force for mass transfer is utilized. For example, while mass-
transfer coefficients are higher in crossflow than countercur-
rent flow, module performance can be poorer because the
concentration difference driving force is not utilized as well.
To evaluate the interaction between these factors, a perfor-
mance model must be used that accounts for the interaction
between flow and concentration changes throughout the
module.

Differences between our results and the literature may also
be attributable to correlation in fiber location within the bun-
dle. Unit cells used to represent the bundle were generated
assuming no correlation between the positions of individual
fibers. One would expect changes in the fiber autocorrelation
function to have a significant impact on the results. Unfortu-
nately, autocorrelation functions are not usually reported.

Systematic deviations from random packing are of particu-
lar concern for commercial modules fabricated from fiber
tows. In the manufacturing process, multiple fibers are spun
from a single spinneret and processed as a group or tow. The
tow is typically wound on a spindle, like a spool of fiber, for
storage. As a result, fibers within a tow tend to stick together
and the tow itself acts much like a single fiber. Therefore,
one might expect tows to pack randomly when tows are com-
bined to form a module. Moreover, since fibers within a tow
also pack randomly, one might expect open regions within
the fiber bundle to cluster around two characteristic length

Žscales: the interfiber length scale distance between fibers
.within a tow and the intertow length scale. Large gaps be-

tween tows might persist along the fiber bundle to form
channels that lead to fluid bypass, as discussed earlier. We
could use the theoretical approach described here to exam-
ine such effects by using random sequential addition to place
tows within the unit cell and then place fibers within tows.
However, this is beyond the scope of the present work.

Conclusions
A theoretical analysis of entry mass transfer for axial flows

through randomly packed fiber bundles is presented. In the
entry mass-transfer limit, an analytic expression exists for the
mass-transfer coefficient, in terms of the velocity gradient
normal to the surface of each fiber, for both a constant wall
concentration and wall flux boundary condition. The re-
quired velocity gradients are obtained by assuming the fiber
bundle can be represented by a periodic unit cell and using
the boundary-element method to solve the conservation-of-
momentum equation inside this cell. The combination of the
analytic solution for the mass-transfer coefficient and the so-
lution of the conservation-of-momentum equation by the
boundary element method provides a relatively simple and
accurate method for dealing with the complex geometry of
the problem.

Mass-transfer coefficients calculated for regular square and
triangular arrays are in good agreement with results from nu-
merical approximations and results calculated using the
known analytic velocity field. Results for random fiber pack-
ing indicate that mass-transfer coefficients can decrease by
30%. Moreover, for a fixed fiber packing, the range of mass-
transfer coefficients can be as large as 30% of the average
value.

Experimental measurements of shell-side mass-transfer co-
efficients are in poor agreement with theoretical values for
either regular or random fiber packings. We attribute these
differences to deviations from the assumed axial-flow pat-

Ž .tern. The departure from axial flow can be due to 1 the
effects of shell entryrexit regions and nonparallel fibers in

Ž .the bundle that promote transverse flow; 2 changes in the
transverse and axial-flow resistance with fiber packing; and
Ž .3 correlations between fiber positions in the bundle, espe-
cially the presence of bypass channels at the interface be-
tween fiber bundle and the external case or within the bun-
dle itself.

Given local fiber packing information, we believe one could
combine local models of flow and mass transfer with global

Žmodels of module performance such as Lemanski and Lip-
.scomb, 1995 to calculate overall module performance. The

local analysis described here would provide the mass-transfer
coefficient and flow-rate]pressure-drop relationships, as a
function of fiber packing, that are required to determine
overall module performance.
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Notation
isnumber of unit cell translations
jsnumber of unit cell translations
lsunit vector

X scoordinate value, m
Y scoordinate value, m
Zscoordinate value, m
a scoefficient in mass-transfer coefficient correlation
g svelocity gradient, 1rs˙
u sangular coordinate
s spitch to diameter ratio

Subscripts and superscripts
xsx-coordinate value
ysy-coordinate value
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